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It is well-known that the first case of Fermat’s equation is connected to
reciprocity laws (see [8]). If we replace the base field Q with a number
field, this connection still exists. For example, by using quadratic reciprocity,
Hellegouarch has proved that the first case of a Fermat-like equation of
exponent 2p has no solution in a number field of odd degree and odd class
number provided that the odd prime number p is large enough (see
[5, Théore`me 3]). In this paper, with the help of the Hilbert symbol, our
aim is to give analogues of Eichler’s criterion for the first case of Fermat’s
equation in a number field.
We briefly describe our results. Let p be an odd prime number, p \ 5,
and let z be a primitive pth root of unity. In Section 2, we show how a
solution of the first case of Fermat’s equation (of exponent p) in a number
field F leads to the construction of an element in Q(z)g which is orthogonal
to the real cyclotomic units for the norm residue symbol. With the help of
Terjanian’s conjecture, we are able to prove that the first case of Fermat’s
equation has no solution if F is ‘‘well-chosen’’ (Theorem 2.1). In Section 3,
we focus our attention on the case of quadratic fields. In particular, if F is
totally real, we give an analogue of Eichler’s criterion (Theorem 3.3) which
involves the index of q-irregularity of the prime number p, where q is the
nontrivial Dirichlet character attached to F.
1. NOTATIONS
Let p be an odd prime number. Let z be a fixed primitive pth root of
unity in Cp. Set K=Qp(z). For a, b in Kg, we define the norm residue
symbol (a, b) as
(a, b)=
(b, K(c)/K)(c)
c
,
where c ¥ Cp, cp=a, and (. , K(c)/K) is the local Artin map.
Let F/Q be a finite extension. We set:
OF to be the ring of integers of F,
m(F) to be the group of roots of unity in F,
A(F) to be the p-Sylow subgroup of the ideal class group of OF, and
d(F) to be the discriminant of F/Q.
Let F be a number field; we say that the first case of Fermat’s equation
has a solution for (F, p) if there exist x, y, z ¥ OF, such that NF/Q(xyz)
– 0 (mod p) and xp+yp+zp=0.
Let n \ 1; we denote the group of nth roots of unity by mn. The symbol
( .p) is the Legendre symbol.
2. TERJANIAN’S CONJECTURE AND THE FIRST CASE
OF FERMAT’S EQUATION
Let p be a prime number, p \ 5. Let C be the group of real cyclotomic
units of Q(z); i.e., C is the subgroup of the units of Q(z) generated by −1
and z (1−a)/2(1−za)/(1−z), a ¥ Z, a – 0 (mod p). In 1989, Terjanian made
the following conjecture (see [10]):
Let a ¥ mp−1 … Zgp , then (a−z, C)=1 Z a=1 or a=−1.
In [1], it is proved that if Terjanian’ conjecture does not hold for p then
i(p) >`p−2, where i(p) is the index of irregularity of the prime number
p. Furthermore, Terjanian has noted that his conjecture implies that the
first case of Fermat’s equation has no solution for (Q, p). Of course, by
Wiles’ Theorem, we know that Fermat’s equation has only the trivial
solutions in Q.
In this section, we prove that Terjanian’s conjecture implies that the first
case of Fermat’s equation has no solution for (F, p), where F is a number
field having some particular properties which will be given below. The
reader interested in variants of Terjanian’s conjecture can read [6].
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We begin this section with a basic argument. Let F be a number field
and let FŒ be a normal closure of F/Q. Set L=FŒ(z). We suppose that
[FŒ : Q] – 0 (mod p).
Now, assume that the first case of Fermat’s equation has a solution for
(F, p); i.e; there exist x, y, z ¥ OF, NF/Q(xyz) – 0 (mod p), and
xp+yp+zp=0.
Let D be the g.c.d. of the ideals xOL and yOL. Since D and pOL are relatively
prime, we deduce that, for i, j ¥ {0, ..., p−1}, i ] j, D is also the g.c.d. of
the ideals (x+z iy) OL and (x+z jy) OL. Therefore, for i=0, ..., p−1, there
exists an ideal Ai of OL prime to pOL such that
(x+z iy) OL=DA
p
i .
Thus, for i=1, ..., p−1, there exists a fractional ideal Bi of L, Bi prime to
pOL, such that
1x+z iy
x+y
2 OL=Bpi .
In particular, we have
R z−−xy
1−
−x
y
S OL=Bp1 .
Now, let s ¥Gal(L/Q), then
s(x)p+s(y)p+s(z)p=0
and
Ns(F)/Q(s(x) s(y) s(z)) – 0 (mod p).
Therefore, for s ¥Gal(L/Q), there exists a fractional ideal Bs of L,
Bs prime to pOL, such thatR z−−s(x)s(y)
1−
−s(x)
s(y)
S OL=Bps.
Let P(X) be the characteristic polynomial of −xy relative to the extension
F/Q. Then
P(X) ¥Q[X] 5 Zp[X]
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and
P(1) ¥Q 5 Zgp .
There exists a fractional ideal I of L, I prime to pOL, such that
1P(z)
P(1)
2 OL=Ip.
If we apply NL/Q(z) to the above equation, since [L : Q(z)] – 0 (mod p) we
get that there exists a fractional ideal S of Q(z), S prime to p, such that
1P(z)
P(1)
2 Z[z]=Sp.
Note that P(z) Z[z] and P(1) Z[z] are prime to p. By a standard
argument (see [8], for example), we get
(P(z), C)=1.
We are in position to prove the following theorem.
Theorem 2.1. Let F be a number field and let FŒ be a normal closure of
F/Q. Let p be a prime number, p \ 5. We assume that p is totally ramified
in F and that [FŒ : Q] – 0 (mod p).
(i) If Terjanian’s conjecture holds for p, then the first case of Fermat’s
equation has no solution for (F, p).
(ii) If the first case of Fermat’s equation has a solution for (F, p), then
— 2p−1 — 1 (mod p2),
— Bp−3 — 0 (mod p), where Bp−3 is the (p−3)th Bernoulli number,
and
— i(p) >`p−2.
Proof. Suppose that the first case of Fermat’s equation has a solution
for (F, p). Let x, y, z ¥ OF, NF/Q(xyz) – 0 (mod p), and xp+yp+zp=0.
Let p be the unique prime of OF above p. Since p \ 5, we can assume that:
x2 – y2 (mod p).
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Since p is totally ramified in F, there exists a ¥ mp−1 … Zgp such that
a —
−x
y
(mod p).
Note that a2 ] 1. Let P(X) be the characteristic polynomial of −xy relative to
the extension F/Q and set n=[F : Q]. We have n – 0 (mod p). By
Hensel’s Lemma, P(X) cannot be the product of two relatively prime
polynomials modulo p, thus we have
P(X) — (X−a)n (mod p).
Let e ¥ C. We know that
(P(z), e)=1,
because e is real. But
(P(z), e)=((z−a)n, e)=(a−z, e)n.
Thus,
(a−z, C)=1.
It remains to apply [1, Corollary 5.5]. L
Remarks. (1) Our theorem applies to F=Q(z). Our result in this case
has already been obtained by Kolyvagin (see [7]).
(2) The assumption [FŒ : Q] – 0 (mod p) is fundamental. For
example, let p be a regular prime such that 2p−1 – 1 (mod p2) and set
F=Q( p` 2). Then F/Q is totally ramified at p, but
(−1)p+(−1)p+( p` 2)p=0.
3. QUADRATIC FIELDS
In this section, we will study the first case of Fermat’s equation for
(F, p) where F is a quadratic field and p is an odd prime number. For the
case p=3 we refer the reader to [9, Chap. 10]. For the cases p=5, 7, 11,
we refer the reader to [3, Theorem 5.1]. Thus, we will assume that p \ 13
and, since the case where p divides d(F) has been treated in the second
section, we will also assume that p does not divide d(F).
We will need the following result in the following.
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Proposition 3.1. Let p be a prime number, p \ 11. Let P(X)=
X2+aX+b be an element of Zp[X] such that P(0) P(1) – 0 (mod p).
Suppose that i(p) [`p/2−2. If P(z) is orthogonal to C for the norm
residue symbol, then
ab — a (mod p),
b2 — 1 (mod p).
Proof. Set G=Gal(K/Qp), where K=Qp(z). For a ¥ Z, a – 0
(mod p), we denote the element s ¥ G such that s(z)=za by sa. Let UK be
the group of units of K and set
U (p)K ={u ¥ UK, u — 1 (mod(1−z)p)}.
Set
U=
UK
mp−1U
(p)
K
.
Let B be the sub-Fp[G]-module of U generated by z and by P(z)/P(z−1).
Set
CKum=C 5 mp−1U (p)K .
Note that the image of C in U is isomorphic to C/CKum and that every
element of Q(zp+z
−1
p ) is orthogonal to C for the norm residue symbol.
Then, by [1, Corollary 4.2], we have
p−1
2
+dim
Fp
B+dim
Fp
C
CKum
[ p−1.
Thus, by [1, Theorem 3.2], we have
dim
Fp
B [ i(p)+1.
Set r=[`p/2]−1. We have
dim
Fp
B [ r.
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Thus, there exist r+1 integers b0, ..., br, bi \ 1 for i=0, ..., r, not all
congruent to zero modulo p, such that
zb0 D
r
j=1
sj 1 P(z)P(z−1)2bj — 1 (mod p).
Note that there exists an integer i, 1 [ i [ r, such that bi – 0 (mod p). It
follows that there exists an integer v \ 1 such that
D
r
j=1
1 z2j+az j+b
bz2j+az j+1
2bj — zv (mod p).
Set
F(X)=D
r
j=1
(X2j+aX j+b)bj ¥ Zp[X],
G(X)=D
r
j=1
(bX2j+aX j+1)bj ¥ Zp[X].
One can find K(X) and H(X) in Zp[X] such that
(X−1) F(X)=(X−1) XvG(X)+p(X−1) K(X)+(Xp−1) H(X).
We differentiate this last equation with respect to X, we set X=z, and we
reduce modulo p. We get
(z−1) FŒ(z)+F(z) — vzv−1(z−1) G(z)+zvG(z)+zv(z−1) GŒ(z) (mod p).
Now, dividing the above equation by F(z) — zvG(z) (mod p), we have
z(z−1) 5FŒ(z)
F(z)
−
GŒ(z)
G(z)
6 — v(z−1) (mod p).
But
FŒ(z)
F(z)
−
GŒ(z)
G(z)
— C
r
j=1
jbj
z3j−1(a−ab)+z2j−1(2−2b2)+z j−1(a−ab)
(z2j+az j+b)(bz2j+az j+1)
(mod p).
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Note that 1+2r(r+1) < p−1. Now, as in [11, Proof of Theorem 6.23],
we get
a — ab (mod p),
b2 — 1 (mod p). L
Theorem 3.2. Let F be a quadratic field. Let p be a prime number,
p \ 13, such that (−3d(F)p )=−1. Then, if the first case of Fermat’s equation
has a solution for (F, p), we have
i(p) >= p
2
−2.
Proof. Assume that i(p) [`p/2−2. Now, let’s suppose that there
exist x, y, z ¥ OF, NF/Q(xyz) – 0 (mod p), and xp+yp+zp=0. Let p be a
prime of F above p and let s be the generator of Gal(F/Q). Note that we
can assume
x2 – y2 (mod p).
Set a=−x/y and b=−z/y. Let P(X) be the characteristic polynomial of
a relative to the extension F/Q and let G(X) be the characteristic poly-
nomial of b. By the basic argument of the second section, P(z) and G(z) are
orthogonal to C for the norm residue symbol. If we apply Proposition 3,
we get
(a+s(a)) as(a) — a+s(a) (mod p),
(as(a))2 — 1 (mod p),
(b+s(b)) bs(b) — b+s(b) (mod p),
(bs(b))2 — 1 (mod p).
Since a2 – 1 (mod p), we must have
s(a) — a−1 (mod p).
Furthermore, from the equations xp+yp+zp=0 and s(x)p+s(y)p+s(z)p
=0, we get
a — 1−b (mod p),
s(a) — 1−s(b) (mod p).
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If s(b) — −b−1 (mod p), then we also have
s(b) — −b (mod p).
But, since s(a) — a−1 (mod p), we have
b2+b−1 — 0 (mod p),
which is a contradiction because b2 — 1 (mod p). Thus, we must have
s(b) — b−1 (mod p).
We get
b2−b+1 — 0 (mod p).
We have two cases:
(1) (d(F)p )=1. The image of b (mod p) lies in Z/pZ. This is a
contradiction since p — 2 (mod 3).
(2) (d(F)p )=−1. Since p — 1 (mod 3), the image of b (mod p) lies in
Z/pZ. Thus, the image of a (mod p) lies in Z/pZ, too. This implies a2 — 1
(mod p), which is a contradiction. L
Now, we consider the case of real quadratic fields. Let F be a real
quadratic field and let q be the nontrivial Dirichlet character associated to
F. Let f=d(F) be the conductor of q. Recall that the generalized
Bernoulli numbers Bn, q are defined as
C
f
a=1
q(a) teat
eft−1
=C
n \ 0
Bn, q
tn
n!
.
Let p be a prime number, p \ 13. We assume that p does not divide d(F).
We denote the number of even integers i, 2 [ i [ p−1, such that Bi, q — 0
(mod p), by iq(p). Note that Ernvall (see [2]) has proved that there exist
infinitely many q-irregular primes.
Theorem 3.3. If the first case of Fermat’s equation has a solution for
(F, p), then
Max(i(p), iq(p)) >= p2 −2.
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Proof. Set L=F(z). Since F and Q(z) are arithmetically disjoint, we
have
OL=OF[z].
Set L+=Q(z)+F. Since L/L+ is totally ramified at p, we have
m(L)=m2p.
Therefore, if E denotes the group of units of OL and if E+ denotes the
group of units of OL+, we have (see [11, Proposition 1.5])
E=m2pE+.
Set G=Gal(L/Q). Let y ¥Gal(L/Q(z)), y ] 1, and let J ¥Gal(L/F) such
that J(z)=z−1. Then A(L) is a Zp[G]-module and we have
A(L)=A(L+)Â A(L)−,
where
A(L)−={a ¥ A(L), Ja=−a}.
For k ¥ G1 , we set
ek=
1
#G
C
s ¥ G
k(s) s−1 ¥ Zp[G].
Let w be the Teichmüller character, then
A(L)−= Â
p−2
i odd, i=3
ewiA(L) Â
p−2
i odd, i=1
eqwiA(L).
Now, by Stickelberger’s Theorem and by Herbrand’s Theorem (see [11,
Theorem 6.10 and Theorem 6.17]), we have
for i odd, 1 [ i [ p−2, eqwiA(L) ] 0S Bp−i, q — 0 (mod p).
Therefore, if a ¥ A(L)−, ya=−a, and ap=1, we have
dim
Fp
Fp[G] a [ iq(p).
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Now, we assume that Max(i(p), iq(p)) [`p/2−2. Set r=[`p/2]−1.
Suppose that there exist x, y, z ¥ OF, NF/Q(xyz) – 0 (mod p), and
xp+yp+zp=0. Let p be a prime of F above p; we can assume that
x2 – y2 (mod p).
Set a=−x/y. Then
a2 – 1 (mod p).
Furthermore, we have (see the proof of Theorem 3.2)
y(a) — a−1 (mod p).
Set
u=
(x+zy)(y(x)+z−1y(y))
(x+z−1y)(y(x)+zy(y))
.
Observe that
J(u)=u−1,
y(u)=u−1.
By the basic argument of the second section, there exists a fractional ideal I
of L, I prime to pOL, such that
uOL=Ip.
Let a be the image of I in A(L), then
dim
Fp
Fp[G] a [ r−1.
For n ¥ Z, n – 0 (mod p), we denote the element s ¥Gal(L/F) such that
s(z)=zn by sn. We can find r integers a1, ..., ar, ai \ 1 for i=1, ..., r, not
all congruent to zero modulo p, such that
D
r
j=1
sj(u)aj=z tg dp,
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where d ¥ Lg, d a prime to pOL, t \ 1 is an integer, and g ¥ E+. We can
write
d=
b
n
,
where n ¥ Z, n – 0 (mod p), and b ¥ OL. But, since OL=OF[z], there exists
h ¥ OF such that
bp — h (mod p).
Therefore, there exists m ¥ OF such that
D
r
j=1
sj(u)aj — z tgm (mod p).
Now, using the fact that J(u)=u−1, we get
g2m2 — 1 (mod p).
For j=1, ..., r, set bj=2aj. We conclude that there exists an integer v \ 1
such that
D
r
j=1
1 (x+z jy)(y(y)+z jy(x))
(y+z jx)(y(x)+z jy(y))
2bj — zv (mod p).
Now, imitate the proof of Eichler’s Theorem [11, Theorem 6.23], but
working with polynomials in OF[T] instead of Z[T] and using the facts
that 1+2r(r+1) < p−1 and
OL=Â
p−2
i=0
OFz i.
We get
(y2−x2) y(xy) — (y(y)2−y(x)2) xy (mod p).
This equation can be restated as
(1−a2) y(a) — (1− y(a)2) a (mod p).
Now, using the fact that y(a) — a−1 (mod p), we get
a−1−a — a−a−1 (mod p).
This is a contradiction since a2 – 1 (mod p). L
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Remark. Let F be a quadratic field and let p be a prime number, p \ 5.
Assume that (d(F)p )=1 and that p — 2 (mod 3) if d(F) < 0. Set L=F(z). If
A(L)=(0), Hao and Parry have proved that the equation xp+yp+zp=0
has only the trivial solutions in F (see [4]).
We finish this article with the following result.
Proposition 3.4. Let p be an odd prime number. Let j be a primitive
cube root of unity. Let F … C be a quadratic field, F ]Q(j). Let g be a unit
of OF. Let x, y ¥ OF such that xp+yp=g. Then xy=0 and g ¥ (Fg)p.
Proof. Let z ¥ C be a pth root of unity, z ] 1. We denote the group of
units of F by EF. Let x, y ¥ OF, xy ] 0, such that xp+yp=g. We have two
cases.
(1) The field F is an imaginary quadratic field.
In this case, we imitate the proof of Lemma 5.2 in [3]. Note that, if
i2=−1, we have
EF … {1, −1, i, −i}.
Set e=x+y. Then e ¥ EF and
xp+(e−x)p−g=0.
Thus,
1 Cp−1
k=1
p!
k! (p−k)!
(−1)k xkep−k2+ep−g=0.
It follows that
ep — g (mod p).
Therefore, ep=g and we have
px(xp−2e− 12(p−1) e
2xp−3+·· · − ep−1)=0.
Therefore x ¥ EF. The same holds for y. But we cannot have x+y ¥ EF.
This gives the contradiction.
(2) The field F is a real quadratic field.
Set L=F(z). Note that m(L)=m2p, except for the following cases:
— F=Q(`p), p — 3 (mod 4), m(L)=m4p,
— F=Q(`3p), p — 3 (mod 4), p \ 5, m(L)=m6p.
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Let p be a fixed prime of L above p. Note that 1−z ¥ p. Set
u=
x+zy
x+z−1y
.
By [11, Lemma 1.6], we have
u ¥ m(L).
Note that
u — 1 (mod p).
Therefore, there exists an integer v \ 1 such that
u=zv.
We get
x+zy=zvx+zv−1y.
Such an equation cannot happen if p=3. Thus, we can assume that p \ 5.
We have two cases:
— [L : F] \ 4. Then 1, z, zv−1, and zv are not all distinct. An easy
inspection gives the contradiction.
— p=5 and F=Q(`5). In this case, we must have zv=z3 or
zv=z4. This leads to 1+((z3−1)/(1−z))5 ¥ EF or 1+((z4−1)/(1−z2))5
¥ EF, which is not the case ( just calculate the norms). L
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